


Complex Numbers

Complex: imaginary numbers

Rational
Natural
numbers
numbers




Reciprocal of a non zero complex number

z = a + bi 1S a complex number

i - 1
The reciprocal of zIs — = ——-.

Z X 7= a?+ b?
a’+b?
/ = -
Z
1 1z
z  a?+b?  g24p2

Z



Reciprocal of a non zero complex number

z = a + bi 1S a complex number

i - 1
The reciprocal of zIs — = ——-.

Example:
z=1+2i
1 1-2i  1-2i 1 2,
- = — = —-—— -1
z  12+22 5 5 5
2,
Z =-1
3
2 _Z
SO
3 o <



Reciprocal of a non zero complex number

z=142i ; zZ'=2+i




Reciprocal of a non zero complex number

Re(z) = %(Z + z) and Im(z) = %(Z — 7)

Z =a + bi z=a+bi
Z =a — bi zZ=a-—bi
Zz+7Z=2a z—z=2bi
Z+Z — S
Ll 20
Re(z) == (z +2) Re(z) = —-(z - 2)



Reciprocal of a non zero complex number

zIsareal numberifandonlyifz =z
z 1s pure imaginary ifand only if z = —Z

zisreal soIm(z) =0
Z=Z=a

z IS pure imaginary so Re(z) = 0
Z =bi S0 Z = —bi
zZ=—Z



Reciprocal of a non zero complex number

Givenz =a+ biandz' = a’' + b'i )
To write 5 In algebraic form (x + iy) multiply the fraction by z::

zZ _z 7 _ zZ _ aa’'-b(-br)+i(a(-b")+ba’") _ aa’+bb’'+i(—ab’+ba’)
A o Z! ZI o ZIZ]I o a'2+p'2 o a’2+p’2
Which is in the form of x + iy where:

__aa'+bbr dv = —ab'+bar
X =gz MY ="




Reciprocal of a non zero complex number

Givenz=a+biandz'=a +b’i )
To write 5 In algebraic form (x + iy) multiply the fraction by 2::

Example:
14+2i 1+2i 1+  1+i+2i+2i? —1+3i

1—i 1—1i 1+1i 12412 2



Square root of a complex number

We call a square root of a complex number z every complex number u such
that

Example:
1+ iisasquarerootof 2isince (1+i)?*=1+4+2i+i*?=1+2i—1=2i



Square root of a complex number

Every complex number has two opposite square root in C.
Example:

z=5—-12i

u = a + bi is a square root of z, so u? = z

(a+ bi)? =5—12i

a’ + 2abi — b?* =5 —12i

By comparing, a* — b* =5 and 2ab = —12

12 6
2ab=-12 ;: a=——=—-—
2b b
36— b4

a’ — b*? —530——b2—5 ; = 5 therefore 36 — b* = 5p?
b4+5b2—36—0

Lett =bh% : t°=b*s0,t*+5t—36=0



Square root of a complex number

Every complex number has two opposite square root in C.
Example:

t?+5t—36=0

A= b? — 4ac = 25 — 4(1)(—36) = 25 + 144 = 169
-b—JVA _ -5-13 _ -b+VA _ -5+13

t]_: _9 ) t2= —4‘
2a 2 2a 2
Fort =—-9 ; b? = -9 impossible
Fort=4 : b?’=4 : b=2 orb=-2
But a = _°
6b 6
Soa=—-—-=-3 or a=——=3
2 -2

Therefore the squarerootsof z =5 —12iare -3+ 2i ; 3 —2i

B IS



Quadratic equation

Any equation in the form of 4% + B? = 0 has:
> No real roots in IR
> Two distinct roots in C: A> = —B? = B%i* soA=Bi or A= —Bi

Example:

x? =—1

x?=—1=i%sotherootsarex =i or x = —i
(x —1)% = —4

(x — 1)? = 4i*

x—1=2i or x—1=-2i

x =14 2i x=1-—2i



Quadratic equation

Consider the quadratic equation ax? + bx + ¢ = 0 a # 0 such that A< 0
The equation in this case has two roots in C and they are conjugate complex
numbers.

A< O
so A= ki* where k is a positive number
-b—VA  —b—ki
Z1 = f—
2a 2a
-b+vA  —b+Vki
Zy = f—
2a 2a

Re(z,) = Re(z,)
Im(z,) = —Im(z;)
So z; & z, are conjugates.



Quadratic equation

Example:
z°+3z+4=0
A=b? —4ac=9—-16 = -7 = 7i*
—3—/7i —3+/7i
2 2

Zq



Graphical representation

A complex number z can be identified with the ordered pair (Re(z);1m(z))
which can be the coordinates of a point in the system of coordinates.
(x’x) IS used to display the real part.

(y’y) is used to display the imaginary part. Im |
b

Z=q+bi

z 1s called the affix of the point.

A(z,) and B(zg) are two points. zz = zp = z4
Example: A(1 + i) and B(2 + 3i)
Zzp =Zp—Zp=2+31—-1—-1=1+2i 0 @ Re




Application

Answer with true or false and justify.
; 2.. 3.
€ the reciprocal of ~iis=i

1 3 —21 61 61
False, ==X —=——5=——
§i 21 —21 —41 4




Application

Answer with true or false and justify.

. 2 . 3-—1
@ the algebraic form of z = = is =—
3+1 2
False,
2 2 3—i 6-2i 6-2i 3-i
J =—=— X — = — = _ —
3+1 3+i 3-1i 9—j2 10 5



Application

Answer with true or false and justify.
€ 22 + 3z + 1 = 0 has real roots

True,
A= b? —4ac =9 —-4(1)(1) =5

—3—+/5 -3+V5 | .
= 2‘/_ and z, = —— which are real numbers

Zq



Application

Answer with true or false and justify.
O the points with affixes i; —i ; 3i and % are collinear.

‘rue, since:
"he 4 affixes are pure imaginary, so the 4 points belong to (YAXIS).




Application

Answer with true or false and justify.

© ifA(—1—3i) and B(2 — 5i) then AB(—3 + 2i)
False, since:

Z;p =2 —Zy =2—51—(-1-3i) =2-5i+1+3i=3—-12i



Application

Answer with true or false and justify.
@ the two points of affixes z and Z are symmetric with respect to (XAxis)

True, since:

Suppose that M(z) and N(2)

Re(z) = Re(Z) SO xp; = xy

And Im(z) = —Im(Z) SO yy; = —yn
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